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Abstract 

The objective of this work is to develop a damage propagation model applicable to the study of 
failure mechanism in composites induced by longitudinal compression. The damage 
propagation model shall be based on an energy principle, quantified by the critical energy 
release rate associated to matrix cracking, and on the study of the kinematics of the equilibrium 
of a representative volume of a ply material within the damaged region of the laminate. It is 
expected that the model proposed will be implemented within the context of the finite element 
technology in order to expand its usefulness to realistic situations where multiple ply laminates 
are used. The model to be proposed shall capture the onset of formation of kink-bands and 
subsequently its propagation. It is formulated within the context of an energy based approach 
that considers the critical energy release rate of the matrix in the failed elements of the mesh. A 
damage parameter that ranges from 0 (intact) to 1 (fully damaged) is used that relates relative 
shear strains in the matrix induced by loss of stability of a representative volume. The damage 
models developed will be useful to realistically predict failure due to kink-band formation and 
propagation mechanism. The results obtained will serve as the starting point for larger 
collaborative projects involving strain rate effects and damage tolerant composites. 
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1 Introduction 

The most prominent failure mode in fiber reinforced 
composites subject to longitudinal compressive loadings is 
kink-band formation. Rosen [1] was the first researcher to 
propose a model to describe this type of failure in fiber 
reinforced composites. However, Rosen's model, and a 
series of subsequent models based on his model, predicted 
unrealistic high strengths. It was only a few years later that 
Argon [2] proposed an improved model that substantially 
reconciled experimental and theoretical values of 
longitudinal compressive strengths. The great contribution 
from Argon was the consideration of initial local fiber 
misalignment that facilitated initialization of fiber instability 
followed by matrix shearing. Although Argon's model did 
not consider additional fiber rotation due to the initial 
misalignment it paved the way for other researchers to 
propose more accurate models [3, 4].  

Failure by kink-band formation is today recognized to be a 
consequence of microbuckling and kinking, which are 
induced by matrix yielding or cracking because of initial 
misalignment of fibers in the laminate manufactured [5-6]. 
The most successful models up to date are based on the 
investigation of the stability of representative volumes 
where initial misalignments are present and the equilibrium 

equation of a fiber is imposed on its displaced configuration. 
Following that line of reasoning, Gutkin et al. [7] proposed a 
failure criterion to determine the onset of kink-band 
formation. All these earlier models, however, neglect 
damage propagation and lack therefore the ability to predict 
ultimate failure loads [8]. Moreover, they do not rely on or 
propose specially formulated finite elements that possess the 
capabilities to describe damage propagation in ways similar 
to those observed for instance in decohesive type elements. 
More recently, a number of published works included 
damage propagation modeling in longitudinal crushing of 
composites [9-10], but they do not explicitly consider 
microbuckling as the main damage mechanism. This work 
proposes to unite a microbuckling explicit model with 
matrix crack damage propagation resulting in a new 
alternative way to investigate failure under longitudinal 
compression. 

2 Representative volume and matrix shear 
strain 

The fibers are assumed to be cylindrical with diameter φf . In 
a 3D situation fibers are arranged in hexagonal packing with 
a fiber volume fraction vf. Figure 1 presents the 3D and 2D 
configurations. The total area A of the hexagon in Fig. 1 is A 
= 3√3(tm + φf)

2/2 and the area covered by fibers is Af = 
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3πφf
2/4. Hence, the fiber volume fraction is vf = Af /A leading 

to the conclusion that 

 













−= 1

32 f

fm
v

t
πφ  (1) 

Figure 1: representative volumes 

whereas a 2D model implies 
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The representative volume of the composite ply in the kink-
band region is shown in Fig. 2, where the unloaded and 
loaded configurations are sketched. The initial geometric 
configuration of the representative volume is completely 
described by its length δx, the initial fiber misalignment 
angle θ0 and the width of the matrix layers between fibers tm. 

Figure 2: kink-band region: (a) unloaded and (b) loaded 

The relevant geometric and kinematic information are 
displayed in Fig. 2. After loading the misalignment angle 
increases to θ + θ0. It is assumed that the fibers are 
incompressible such that, initially, two neighboring fibers 
are separated by a distance tmcosθ0, and, after loading, this 
distance drops to tmcos(θ + θ0). Moreover, the length δx is 
fixed. The shear deformation in the matrix is given by 
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where δum and δvm, according to Fig. 2, can be expressed as 
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The value of δy can be computed as shown in Fig. 2: δy = 
tmcosθ0. Substitution of δy and Eq. (4) into Eq. (3) yields 
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Since the initial misalignment angle θ0 is usually small (0o <
θ0 < 4o) a good approximation for Eq. (5) is 
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It is possible to go even further assuming that θ is small and, 
considering Eq. (2), write 
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This approach linearizes the problem in the variable θ, what 
can sometimes be useful and may provide insight into the 
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constitutive relations involved. For a 2D model the shear 
modulus of the matrix is 
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Thus, provided the deformation regime within the matrix 
remains elastic and angle θ remains small, one can write 
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3 Equilibrium equation in the loaded 
configuration 

When it comes to kink-band formation the relevant 
homogenized stresses acting on the representative volume 
are σ1 and τ12, which are depicted in Fig. 3. The fiber is 
subject to normal stress σf. Assuming that the fiber is much 
stiffer than the matrix, the classical theory of 
micromechanics states that 

           )(1 mfff t+= φσφσ       (10) 

The classical theory of micromechanics also indicates that 
the shear stress is the same throughout the representative 
volume. Hence, the shear stress in the fiber τf is equal to the 
homogenized shear stress τ12 i.e., 

   12ττ =f        (11) 

 

Figure 3: Homogenized stresses applied to the 
representative volume 

The free body diagram of a single fiber in the loaded 
configuration is shown in Fig. 4. The fiber orientation in the 
unloaded configuration is also shown with the initial 
misalignment angle θ0. Force P is the net effect of the 
normal stresses in the fiber σf and force S is the net effect of 
the shear stresses in the fiber τf such that, with the aid of 
Eqs. (10) and (11), 

 fffmfff StP φτφτφσφσ 121 ,)( ==+==      (12) 

 

Figure 4: Free body diagram of fiber in the loaded 
configuration 

The force equilibrium is clearly satisfied. Imposition of 
moment equilibrium yields 

      xxSxP fm δφτθθδθθδ =+++ )cos()sin( 00
        (13) 

Substitution of Eq. (2) and (12) in (13) leads to 
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Failure of the fiber is assumed to happen abruptly when the 
fiber stress σf in Eq. (12) reaches the fiber compressive 
strength Xf

c. Before reaching Xf
c it is assumed that the fibers 

behave linearly. 

Equation (14) describes the buckling of an initially 
displaced rigid bar under the action of compressive and 
shear forces as shown in Fig. 5. If the applied forces P, S 
and the spring constant k are given by 
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the moment equilibrium equation matches exactly Eq. (14), 
provided τm is given by Eq. (9). Even if Eq. (9) is not 
applicable, the original relation τm = Gmγm can still be used 
and the spring constant k may be assumed to vary with θ. 

 

Figure 5: Initially displaced rigid bar 

Notice that, if one assumes elastic regime and small angles, 
then substitution of Eq. (9) into Eq. (14) will result in a 
linear equation that can be solved for θ. Hence, under these 
simplifying assumptions, the moment equilibrium equation 
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can be explicitly solved for θ. A simple stress based 
criterion for fiber kinking can be subsequently proposed if 
energy balance considerations during crack formation come 
into play. This, however, is not the objective of this work. 
Instead, a model that goes beyond the onset of failure shall 
be proposed. 

4 The matrix cohesive model 

The proposed model behavior of the matrix in shear is 
shown in Fig. 6. The damage parameter starts at zero and 
reaches the maximum value 1 when the failure shear strain 
γmf is reached and, consequently, the matrix has no stiffness 
left, becoming completely degraded (see Fig. 6). SL is a 
matrix property that determines the onset of matrix failure. 

Figure 6: Model behavior in shear 

Once the initiation (γm0) and failure (γmf) shear strains are 
available, the damage parameter can be expressed as 
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Equation (16) is valid only for strain values that obey |γm| > 
γm0, otherwise d = 0. If the matrix becomes damaged then d 
> 0 and d never decreases, i.e., the model does not allow for
restoration of mechanical properties once the matrix is
damaged. Take for instance the loading path OAB in Fig. 6.
If, after returning to point O the material is again loaded, it
will follow path OB until it reaches point B. If further
loading is applied beyond point B the original curve of the
constitutive law is retaken until d = 1, when total failure is
reached.

Figure 6 shows that the inclination of the OB path is Gm(1 − 
d). Hence, generally the stress × strain relation can be 
written as 

 mmm dG γτ )1( −=  (17) 

which, in the incremental form reads 

dGdG mmmmm ∆−∆−=∆ γγτ )1(   (18) 

In Eq. (18) it is tacitly assumed that there is no plastic shear 
strain. 

5 Incremental model and the finite element 
context 

Two parameters are important to describe kink-band 
formation: θ that can be computed from Eq. (14) and d that 
can be computed from Eq. (16). It is also assumed that the 
fibers respond linearly up to catastrophic failure when σf = 
Xf

c. Thus, the constitutive relations for both fiber and matrix 
are 

mmmmmmffffff GEGE γτεσγτεσ ==== ,,,    (19)

where Ef and Gf are assumed to be constant throughout. The 
third equation σm = Emεm may pose a problem since the 
matrix elastic modulus Em is needed and it would clearly 
vary depending on the degree of degradation of the matrix. 
One possible way around this difficulty is to adopt a damage 
propagation model for the matrix under 
traction/compression similar to the one proposed in Fig. 6 
for the matrix under shear. This would result in one 
additional damage parameter. Another option is to consider 
that, since kink-band formation is the relevant failure 
mechanism in this study, the matrix will be under 
compressive stresses just like the fibers. Hence, equation σm 
= Emεm can be used up to the point where σm is equal to the 
matrix strength under compression Xm

c. In this study the 
later option is considered. 

The in-plane mechanical properties of a lamina can be 
computed using the Halpin-Tsai rules of mixture as 
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where νf and νm are the fiber and matrix Poisson ratios, 
respectively, assumed constant. The ply constitutive 
equation is 
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which, in the incremental form reads 
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Notice that the matrix shear modulus Gm influences only G12 
in Eq. (26). Hence, the term γ12∆G12 must be accounted for 
in Eq. (28). The other ply mechanical properties (E1, E2, ν12) 
are assumed to be independent of Gm. 

In the finite element context the problem must be solved 
incrementally. Initially consider that the equilibrium 
problem in the weak form has been solved for time step n 
such that 
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where summation extends over all Ne elements in the mesh 
and fe is the vector of external loads applied to element e. 
Matrix Be is the discretization matrix that relates strains 
within a given element to the element degrees of freedom 
stored in qe: εe = Beqe. At the subsequent time step n + 1 the 
new equilibrium equation in the weak form reads 
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with 11 ++ ∆+= n
e

n
e

n
e σσσ . Subtraction of Eq. (29) from Eq. (30), 

and recognizing that δqe are arbitrary and geometrically 
admissible virtual displacements 
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where the combined effects of all fe have been grouped into 
fext. Solution to Eq. (31) must be found iteratively. All the 
terms relating to 1+∆ n

eσ
 in the left-hand side of Eq. (31) must 

be computed at the Gaussian stations used in the numerical 
integration. 

Equations (5) and (14) in the incremental forms read 
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Substitution of Eqs. (5), (18) and (32) into (33) yields 
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Therefore, given the stress and damage increments (∆σ1, 
∆τ12, ∆d), ∆θ can be computed and the fiber misalignment is 
updated to θ + ∆θ. 

6 Numerical results 

A 1 m × 1 m × 0.125 mm single layer specimen, with fibers 
oriented along the x axis is subject to compressive 
prescribed displacement also along x. Figure 7 depicts the 
situation. Only the center node is restricted to move along 
the y direction in order to avoid rigid body mode. A 10 × 10 
mesh of bilinear elements is used. 

 

Figure 7: Single layer specimen under compression 

The material properties used are reported in Table 1. Notice 
that the initiation (γm0) and failure (γmf) shear strains of the 
fibers are unnecessary for the present model. The fiber 
volume fraction is assumed to be 60%. 

Table 1: Material properties used 

property matrix fiber 

E11 [GPa] 2.6 240 

E22 [GPa] 2.6 240 

ν12 0.38 0.22 

G12 [GPa] 0.94 98.36 

γm0 0.002 − 

γmf 0.005 − 

 

The initial fiber misalignment θ0 is defined (in degrees) 
according to Eq. (35) 

        )/cos(5.3 o
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where L is the edge length (L = 1 m) and −L/2 ≤ x ≤ L/2. 
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Figure 8 presents the result in terms of damage parameter d 
computed with Eq. (16). Figure 8 is obtained for the 
ultimate displacement u0 = 6 mm as illustrated in Fig. 7. 
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Figure 8: Damage parameter mapping 

Figure 9 presents the evolution of the matrix shear stress τm 
and damage parameter d computed at the center node of the 
mesh. Observe that theτm behavior is consistent with Fig. 6 
and the red curve for d follows the hyperbolic pattern 
described in Eq. (16). 
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Figure 9: Matrix shear stress and damage parameter 
evolution 

7 Conclusions 

A model is proposed to capture the onset of formation of 
kink-bands and subsequently its propagation. It is 
formulated within the context of an energy based approach 
that considers the critical energy release rate of the matrix in 
the failed elements of the mesh. A damage parameter that 
ranges from 0 (intact) to 1 (fully damaged) is used that 

relates relative shear strains in the matrix induced by loss of 
stability of a representative volume. 

Today commercially available finite element packages (e.g. 
Abaqus)  possess damage modeling capabilites. However, 
they are not well suited for predictions of failure under 
longitudinal compression since they dot not inherently 
consider microbuckling and kink band formation, therefore 
delivering poor results whenever crushing is involved. The 
present model may be coupled with additional models for 
damage propagation and failure predictions [11], and latter 
incorporated into a commercial FE code. An element 
deletion criterion would then be required in order to 
simulate more realistic composite structures. 

The model is based on physical principles and requires only 
two parameters whose extraction is not difficult: the 
initiation (γm0) and failure (γmf) shear strains of the matrix. 
The numerical result present shows that the model is simple 
to implement and captures the most essential behavior of 
structural failure under compressive loadings. 
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