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Abstract
Modeling of multi-body system mechanics plays a central
role in the design of mechatronic systems. Roller bear-
ings contribute stiffness and damping to the system dy-
namics of a mechatronic system. This article shows the
stiffness modeling of selected types of roller bearings. The
kinematics of deformation of a roller bearing are shown.
Based on the principle of Hertz’ian contact stress the elas-
tic forces and torques are calculated. These forces are con-
sidered and implemented in the MultiBody Library.
Keywords: Bearing Stiffness, Bearing Modelling, Multi-
Body Library

1 Introduction
This document discusses the modeling of stiffness for var-
ious types of rolling-contact bearings for use in the sim-
ulation of multi-body systems. In addition to this macro-
scopic perspective, the modeling of stiffness is used for
rotordynamics. Beyond this, research in bearing modeling
deals with the effects on structure-borne noise. The study
(Ghalamchi et al., 2013) puts forward a simple model
based on Hertz’ian contact stress to calculate rotordynam-
ics for barrel roller bearings. A second application for
bearing modeling is damage diagnostics and the identifi-
cation of the causes of bearing damage. In the publication
(Tadina and Boltežar, 2011), the system-dynamic effects
of damage to the balls and running surfaces of ball bear-
ings are analyzed. The inner ring, the outer ring and the
rolling elements are modeled as rigid bodies. The balls are
elastically connected to the inner ring and the outer ring.
To test design measures to improve the contact pattern
of the bearing and its rolling elements, system-dynamic
investigations are carried out. To calculate the optimal
profiles for cylindrical roller bearings, the rollers are dis-
cretized in (Qian and Jacobs, 2014) using the slice model,
and the stiffness is modeled as a Hertz’ian contact.

The scope of this paper is to create a model for the stiff-
ness of selected types of single and double row roller bear-
ings. It will be used for modeling mechanisms like a robot
arm. The target is to simulate macroscopic system dynam-
ics of a mechanism.

Modelica provides a powerful library for simulating
multi-body systems like mechanisms - the MultiBody li-
brary. Therefore this approach extends the range of this
library. An internal bearing analysis is out of scope of this

model. Effects considering the rolling elements e.g. mass
effects are neglected.

2 Single-row bearings

For the modeling of roller bearings or ball bearings, the
elastic forces and torques are determined for both types
using the Hertz’ian contact stress.
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Figure 1. Deformations of a bearing

For simulating the stiffness of a bearing in Modelica the
forces and torques in a bearing have to be derived.

First the change in angular position of the rolling ele-
ment j when rotating the bearing about the Z-axis with
the angle ϕ is calculated using the bearing geometry of
the pitch radius of the rolling elements R and the rolling
element radius RW .
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Figure 2. Coordinate system of a double row bearing

∆ψ j =


R−RW cos(α0)

R
·ϕ, fixed outer ring

R+RW cos(α0)

R
·ϕ, fixed inner ring

(1)

We simplify in the next equation the angle ψ j of the
roller position of the jth roller according to the X-axis to
the angle ψ̃ j:

ψ̃ j = ψ j +∆ψ j (2)

For every rolling element j, the axial δz j and radial de-
formation δr j is calculated from the translational deforma-
tions δxm,δym,δzm and the angular deformations βxm,βym
of the bearing (Fig. 2) with the pitch radius R and the
bearing clearance rL.

δz j = δzm +R(βxmsin(ψ̃ j)

− βymcos(ψ̃ j)) (3)
δr j = δxmcos(ψ̃ j)+

δymsin(ψ̃ j)− rL (4)

The contact angle under load α j of the rolling element j
can be calculated with the contact angle of the bearing α0,
the net effective radial (δ ∗

r ) j and axial (δ ∗
z ) j displacement

and the relative distance A0 between the raceway groove
curvature centers of the inner ai and outer ao bearing ring
in case of no load:

(δ ∗
z ) j = A0sin(α0)+δz j (5)

(δ ∗
r ) j = A0cos(α0)+δr j (6)

tan(α j) =
(δ ∗

z ) j

(δ ∗
r ) j

(7)

Then we obtain the distance between the raceway
groove curvature centers under load A j:

A j =
√

(δ ∗
z )

2
j +(δ ∗

r )
2
j (8)

Depending on the type of the rolling element W , the
total elastic deformation is δW (ψ j),(W = B : ball,R :

roller).

Ball :

δB, j =

{
A j −A0, δB j > 0

0, δB j ≤ 0 (9)

Roller :

δR, j =

{
δr jcos(α j)+δz jsin(α j), δR j > 0

0, δR j ≤ 0 (10)

The load Q j on each rolling element j depends on
the type of roller bearing W and is calculated with the
Hertz’ian exponent n. For elliptical Hertz’ian contact (ball
- elastic half-space) we assume n = 3/2. For a rectan-
gular contact (cylinder - elastic half-space) we assume
n = 10/9. Depending on the geometry and the material
properties of the roller we denote the load Q j on each
rolling element j with the Hertz’ian stiffness constant Kn
for ball (B) and roller bearings (R):

Q j = Kn ·δW (ψ̃ j)
n (11)

Then we yield the forces and torques on a bearing with
Z rolling elements and ψ̃ j as the angular position of each
rolling element (Lim and Singh, 1990a,b; Gunduz, 2012).

Fxbm
Fybm
Fzbm
Mxbm
Mybm
Mzbm

=
Z

∑
j=1

Q j


cos(α j)cos(ψ̃ j)
cos(α j)sin(ψ̃ j)

sin(α j)
Rsin(α j)sin(ψ̃ j)
−Rsin(α j)cos(ψ̃ j)

0

 (12)

For roller bearings we obtain with α j = α0 (Lim and
Singh, 1990a) the forces and torques:


Fxbm
Fybm
Fzbm
Mxbm
Mybm
Mzbm

 = Kn

Z

∑
j=1

(δR, jcos(α0))
n


cos(α0)cos(ψ̃ j)
cos(α0)sin(ψ̃ j)

sin(α0)
Rsin(α0)sin(ψ̃ j)
−Rsin(α0)cos(ψ̃ j)

0

 (13)

The rotation about the Z-Axis is free because the torque
about the Z-axis Mzbm in equations 12 and 13 is zero.

3 Double-row bearings
Besides single-row the force and torque balances for
double-row ball and roller bearings are determined in this
section. Three possible configurations for the double row
bearings exist (Figure 3). The bearing arrangement co-
efficent c3 considers these configurations. The calcula-
tions of the radial (δr)

i
j and axial displacement (δz)

i
j of
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O X Tandem 

Figure 3. Bearing Arrangements (Matek et al., 2013) (Gunduz,
2012)

each rolling element j in row i (equations 3,4) have to
be extended by the kinematics of the double row bear-
ing with the row coefficent c1, the bearing clearance rL,
the distance between the two bearing rows e, the trans-
lational deformations δxm,δym,δzm, the angular deforma-
tions βxm,βym of the bearing and the angular position ψ̃ i

j
of each rolling element.

c1 =

{
1, for i = 1, left row

−1, for i = 2, right row (14)

(δz)
i
j = [δxm + c1βyme]cos(ψ̃ i

j)+

[δym − c1βxme]sin(ψ̃ i
j)− rL (15)

(δr)
i
j = δzm +R

[
βxmsin(ψ̃ i

j)−βymcos(ψ̃ i
j)
]

(16)

Next the equations of the net effective radial (δ ∗
r )

i
j and

axial (δ ∗
z )

i
j displacement of equation 5 and 6 are extended

for the double row bearings. With the bearing arrangement
coefficent c3 (Figure 3) we calculate the net radial (δ ∗

r )
i
j

and axial (δ ∗
z )

i
j effective displacements and the loaded dis-

tance Ai
j between the raceway groove curvature centers of

the inner ai and outer ao bearing ring of the rolling element
j in the row i.

c3 =


[left row, right row] ,arrangement
[1,−1] , Back-To-Back, O
[−1,1] , Face-To-Face, X
[1,1] , Tandem

(17)

(δ ∗
r )

i
j = A0cos(α0)+δ

i
r j (18)

(δ ∗
z )

i
j = δ

i
z j + c3(A0sin(α0)+δ

i
z0) (19)

Ai
j = (

√
(δ ∗

z )
i
j)

2 +((δ ∗
r )

i
j)

2 (20)

In general, the following relation applies to the forces
Fxbm,Fybm,Fzbm and torques Mxbm,Mybm,Mzbm on the
double-row ball bearing. For simplification we introduce
the parameter R∗.


Fxbm
Fybm
Fzbm
Mxbm
Mybm
Mzbm

 =
2

∑
i=1

Z

∑
j=1

Q j



cos(α i
j)cos(ψ̃ i

j)

cos(α i
j)sin(ψ̃ i

j)

sin(α i
j)

R∗sin(ψ̃ i
j)

−R∗cos(ψ̃ i
j)

0

 (21)

R∗ = R sin(α i
j)− c1 e cos(α i

j) (22)

For bearings with rollers as rolling elements, the angu-
lar offset α

j
i assumed to be zero. Therefore, the following

applies:
α

i
j = α0 (23)

The equations for the forces Fxbm,Fybm,Fzbm and torques
Mxbm,Mybm,Mzbm are thus as follows for each rolling ele-
ment j in row i introducing the parameter R̃ for simplifi-
cation.


Fxbm
Fybm
Fzbm
Mxbm
Mybm
Mzbm

 =
2

∑
i=1

Z

∑
j=1

Q j



cos(α0)cos(ψ̃ i
j)

cos(α0)sin(ψ̃ i
j)

sin(α0)

R̃sin(ψ̃ i
j)

−R̃cos(ψ̃ i
j)

0

 (24)

R̃ = Rsin(α0)− c1ecos(α0) (25)

e e=0 

x 

y 

i=1 i=2 

Figure 4. Conversion of a double row roller bearing to a cross
roller bearing

A cross-roller bearing is modeled as a double-row bear-
ing for which the distance e between both bearing rows is
zero (see Fig. 4). For each row the correct angle offset ψ̃ i

j
for each rolling element has to be considered.

4 Implementation
The integration is carried out in the MultiBody library.
In the preceding chapters, the relationship of the forces
and torques on a roller bearing has been described. The
motion equations and the elastic forces and torques of the
bearing are determined using Lagrange’s equation of the
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second kind. Here T is the kinetic energy, Q are the gen-
eralized forces (Hardtke et al., 1997). The generalized
forces Q consist of conservative Qk and non-conservative
forces Qn. In this model non-conservative forces don’t ex-
ist. With the vector of generalized coordinates q and the
potential energy U(q) we denote:

d
dt

(
∂T
∂ q̇i

)
− ∂T

∂qi
= Q (26)

Q = Qk +Qn (27)
Qn = 0 (28)

Qk(q) = −∂U(q)
∂q

(29)

The vector of generalized coordinates q are the deforma-
tions on the bearing and we yield the vector of the forces
on a rolling element F(q) with the auxiliary parameters
for coding FBearing,MBearing:

q = [δxm,δym,δzm,βxm,βym]
T (30)

F(q) = [FBearing,MBearing]
T (31)

FBearing =
[
Fxbm,Fybm,Fzbm

]T (32)

MBearing =
[
Mxbm,Mybm,0

]T (33)

The force and torque relationships for single-row and
double-row bearings are described in chapter 2 and chap-
ter 3, respectively. For calculation of the potential energy
U(q), the following applies in general for the energy over
the force F(q) with the vector of generalized deformations
q and finally we yield for the conservative force Qk:

Figure 5. Input parameter mask in Dymola

∂U
∂qi

=
∂

∂qi

(∫ q

0
F(qi)dqi

)
(34)

∂U
∂qi

= F(qi) (35)

Qk = −F(q) (36)

The equations 35 and 36 show that the relationships of
the forces and torques can be directly incorporated into the
equations of motion.

The force and torque equilibrium then is:

import Modelica.Mechanics.MultiBody.Frames;
// Force and torque equilibrium
frame_a.f = -F_Bearing;
frame_b.f = -Frames.resolve2(

Frames.relativeRotation(frame_a.R,
frame_b.R),

frame_a.f);

if fixedRotationAtFrame_a then
Connections.root(frame_a.R);
frame_a.R = Frames.nullRotation();

else
frame_a.t = -M_Bearing;

end if;

if fixedRotationAtFrame_b then
Connections.root(frame_b.R);
frame_b.R = Frames.nullRotation();

else
frame_b.t = -Frames.resolve2(

R_rel,frame_a.t);
end if;

The calculation of the forces Fxbm,Fybm,Fzbm and
torques Mxbm,Mybm,Mzbm on a bearing is realized in the
sub-function calculateBearingForce(). The deformations
r_rel_a,R_rel between the f rame_a and f rame_b of the
bearing block are required for calculating bearing forces
and torques. The angles βxm,βym,ϕ are calculated as con-
secutive rotations out of the rotation matrix R_rel . The
vector angles represents these angular deformations.

angles = [βxm,βym,ϕ]
T (37)

r_rel_a = Frames.resolve2(frame_a.R,
frame_b.r_0 -

frame_a.r_0);
R_rel = Frames.relativeRotation(

frame_a.R,frame_b.R);
angles = Frames.axesRotationsAngles(R_rel,

{1,2,3},0);

/* Determine forces and torques at frame_a
and frame_b */

q = {r_rel_a[1],r_rel_a[2],r_rel_a[3],
angles[1],angles[2]};

(Fx,Fy,Fz,Mx,My) =
Functions.calculateBearingForce(
myLager,angles[3],q);

f_Bearing = {Fxbm,Fybm,Fzbm};
m_Bearing = {Mxbm,Mybm,Mz};
Mz = 0;

For the transformation of the forces and torques in the
equations of motion the Jacobi matrix J is required. This
matrix describes the kinematics on the bearing and is de-
termined by means of the deformation q. The Cartesian
deformations δim, i = x,y,z are modeled as sliders and the
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rotations βim, i = x,y are modeled as consecutive rotation
about x,y with the rotation axis vector zi using the rotation
matrices Rx,Ry (see Fig. 2).

zi = ex,ey (38)

J =

[
Jvi
Jωi

]
(39)

Ji =

{
zi , translational motion
zi ×p∗

i , rotational motion
(40)

Jωi =

{
0 , translational motion
zi , rotational motion

(41)

The possible singularity of the Jacobi matrix for rotation
about the x and y axes by 90o is ignored since small de-
formations are expected.

The mass and inertia of the inner and outer ring of the
bearing are modeled with the block "‘Body"’ of the Multi-
Body.Parts library. Each body is attached to f rame_a and
f rame_b respectively. The dynamics of the rolling ele-
ments are neglected since only macroscopic effects of the
system dynamics will be modeled.

Deriving a stiffness matrix K(q) is not required for the
equations of motion in equation 26. If required, the stiff-
ness matrix K(q) can be calculated by means of the par-
tial differentiation of the force and torque vectors F(q) ac-
cording to the generalized coordinates of the bearing de-
formation q in equation 30.

K(q) =
∂F(q)

∂q
(42)

5 Simulation Results
The parameters from table 1 are used to simulate the stiff-
ness forces and torques with varying preload Fxm and a
partial rotation ϕ = 360/Z of the bearing.

Parameter Value Unit
R 34.45 mm
e 10 mm
Z 15

Kn 395000 N/mm
3
2

α0 45
rL 0 mm
A0 0.52 mm

n 1.5
δz,0 0 mm

Table 1. Parameters of a double row roller bearing

Figure 6 shows a periodicity for the forces and torques
within a bearing rotation. For each bearing rotation, the
force and torque progression is repeated by the number of
rolling elements. To assess the effects of parameter exci-
tations on the system dynamics of the manipulator, further
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Figure 6. Bearing stiffness forces, bearing angle position vary-
ing

testing of the overall system of the manipulator is neces-
sary. Next a simple example of a pendulum is shown. A
stiff revolute joint and a bearing with its parameters in ta-
ble 1 as a revolute joint are compared. The point mass is
1kg and the length of the pendulum is 1m. Figure 7 shows
the model in initial configuration. The reaction forces and
torque in figure 8. show the difference between the rigid
and the elastic suspended joint of the pendulum.

x 

y 

1 

x 

y 

2 

Figure 7. Pendulum, 1: rigid suspension 2: elastic suspension

6 Conclusion and Outlook
In this work the calculation of the stiffness forces and
torques of single- and double-row bearings are shown.
The following bearing types are considered:

• Single row ball bearing

• Single row roller bearing

• Double row ball bearing

• Double row roller bearing

• Cross roller bearing
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Figure 8. Forces and torques on the bearing and on the revolute
joint and the displacement

The stiffness forces and torques are implemented in the
MultiBody library of Modelica. A simulation shows the
influence of loads and bearing position.

a b

Bearing

a b

ActuatedBearing

Figure 9. Bearing with 1 DOF and actuated bearing

According to equation 12 and figure 2 the bearing
model yields a free rotation about the Z-axis. For multi-
body systems and actuated mechanisms it will be impor-
tant to consider the drivetrain. The scope of the future
work is to develop an actuated bearing similar to the ac-
tuated joint in the Modelica MultiBody library. Further
modeling and simulation of different mechanisms like a
robot arm will be performed and validated.
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