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Abstract

Problem of optimal train control with the aim of
minimizing energy consumption is one of the old
optimal control problems. During last decades
different solutions have been suggested based on
different optimization techniques, each including a
certain number of constraints or different train
configurations, one being the control on the tractive
effort available from traction motor. The problem is
previously solved using dynamic programming for
trains with continuous tractive effort, in which velocity
was assumed to be the control variable. The paper at
hand presents a solution based on dynamic
programming for solving the problem for trains with
discrete tractive effort. In this approach, tractive effort
is assumed to be the control variable. Moreover a short
comparison is made between two approaches regarding
accuracy and ease of application in a driver advisory
system.

Keywords:  train optimal control, dynamic
programming

1. Introduction

The problem of optimal train control have been studied
for decades (e.g. see (Ichikawa 1968)). Different
mathematical solutions have been offered based on
different optimization techniques. A common
approach is coast control which is acceleration with
full power until max speed and then driving the train
with zero tractive effort until a certain speed (i.e.
coasting speed) and then braking with full power. The
problem is to find the best coasting speed. (Colak,
Czarkowski et al. 2012) solves the coast control
problem using Particle Swarm Optimization. (Chang
and Sim 1997) and (Wong * and Ho 2004) solve the
problem using a Genetic Algorithm and (Yang, Li et
al. 2012) solves the problem for the network of trains.
Heuristic searching methods have also been used to
find the optimum coasting points (see (Wong and Ho
2004)). The coast control approach however is only
suitable for short distance trips (e.g. subway trips) and
other approaches are needed for long distance trips.

Different optimization techniques are suggested for
solving the problem for the long distance trips:
(Yasunobu, Miyamoto et al. 1983) solves the problem
using fuzzy logic. (Liu and Golovitcher 2003)
introduces an approach based on maximum principle,
and (Howlett 2000) and (Shuai, Xiang et al. 2013) use
Pontryagin Principle. The gradient method is used in
(Miyatake and Ko 2007) and (Miyatake and Ko 2007).
Sequential Quadratic Programming is used in
(Miyatake and Matsuda 2008) and (Miyatake and
Matsuda 2009) to solve the problem for trains with an
on-board energy storage device. Dynamic
Programming is used in (Ko, Koseki et al. 2004),
(Miyatake, Haga et al. 2009), (Miyatake and Haga
2010) and (Franke, Terwiesch et al. 2000). A
comparison is made in (Miyatake and Ko 2010)
between three approaches of SQP, Gradient Method
and dynamic programming. According to (Miyatake
and Ko 2010) dynamic programming is the best
approach when it comes to dealing with constraints on
the state variables.

The final aim of developing algorithms for solving the
optimal train control problem is to use them for giving
instructions to driver on how to drive a train using a
driver advisory systems (DAS). (Panou, Tzieropoulos
et al. 2013) gives an overview on current DAS systems
in the market and evaluates them based on different
criteria.

In this paper an approach is presented based on
dynamic programming for the optimal control of
electric trains. The problem was previously solved in
(Ghaviha, Bohlin et al. 2014) and (Ghaviha, Bohlin et
al. 2015) for trains with continuous tractive effort with
velocity as the control variable. However, in some
trains tractive effort is discrete, meaning that driver has
access to certain tractive efforts (notches) for
acceleration and braking. The approach presented in
(Ghaviha, Bohlin et al. 2014) is not suitable for such
trains. In the approach presented here, tractive effort
(i.e. notch number) is assumed to be the control
variable which makes the approach suitable for such
trains. Moreover a short comparison is made between
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two approaches regarding accuracy and ease of
application for a DAS system.

2. Train Model

The train is modeled according to equations of motion
as presented in (Ghaviha, Bohlin et al. 2014). Forces
affecting the train are the tractive effort (F),
gravitational force (F;) and running resistance (F..),
which includes the aerodynamic resistance:

N

f=m*9* 1500 @
Fr=A+Bx*v+Cx*v? 2
F,=m=xa 3)

Fo = Fe + Fr + Fg, 4)

where A, B and C are constants, m is mass of the train,
. . . N . .
g is the earth’s gravitational constant, Toog 18 sinus

estimation of slope, a is the acceleration and F, is
acceleration force. Energy consumption is also based
on the equations of motion i.e. force time distance. The
train is equipped with regenerative brakes which
regenerates 80 percent of the energy of the tractive
effort and the gradient force back to catenary system
during the brake. Energy equations are as follows:

E =F,+xdx ; during acceleration (5)
E=08x(F, + Fg) xdx ; during braking, (6)

where dx is the distance traveled.

3. Approach

The approach is based on discrete dynamic
programming and Bellman’s backward approach.
States of the train are represented using three
discretized variables of time (t), distance (x) and
velocity (v), among which time is the independent
variable and the rest are the state variables. In the
approach previously presented in (Ghaviha, Bohlin et
al. 2014), velocity in the next time step is assumed to
be the control variable whereas in the approach
presented here, the tractive effort is the control variable
(i.e. u;). Following terms are used in the approach
presented here:

o Starting point: it’s the start of the trip and therefore
defined as (0,0,0), which means time zero,
distance zero and zero velocity.

e Destination point: It is the state in which the train
is supposed to be at the end of the trip which is
represented by (T, X,0), where T is the last time

step and X is the last distance step and zero
velocity.

e Minimum cost-to-go: minimum energy needed in
order to get the train from a certain state to the
destination point.

e First state: is the state in which the minimum cost-
to-go is desirable.

e Second state: A state one time step ahead of the
first state after applying the controlu;. It is
presented as (tf;, Xf;, Vyi)-

The optimization technique is based on the principle of
optimality which can be presented as follows:

E(tS! Xs, Us) = .
n‘lll.iin (de(s, ui) + E(tfi,xfi,vfi)) ; Vui , ( )

where E(tg, X, Us) is the minimum energy needed to
get the train from the state (£, x;, V) to the destination
point (i.e. minimum cost-to-go). de(s, u;) is the energy
needed to get the train from the first state to the second
state, when applying the control u; (i.e. the transition
cost) and E (tﬁ, Xfi, vfi) is the minimum cost-to-go for
the second state. Since E (tf;, xf;, Vr;) is only available
for a certain number of states based on the control u;
and due to discretization of distance and velocity, x¢;
and vg; should be calculated based on other available
variables and rounded to the closest distance and
velocity step. The following equations represent the
calculations:

F,=F +FE, +F (8)
a=F,/m (9)
V= a*xdt + vg (10)

Vg + Ug;

where dt is the length of one time step. Assuming that
the minimum cost-to-go at the destination point is
known, by going backward in time the minimum cost-
to-go for the starting point and the optimal sequence of
the states to the destination point can be calculated.

4. Results

Figure 1 and 2 show optimum speed profile and control
profile for a trip of 120 sec and 2 km. There are no
speed limits nor elevations during the trip. The train in
this example has the mass of 100 tons with nine
notches for acceleration and nine notches for
deceleration plus a coasting notch (i.e. no tractive
effort) which means 10 control variables in total (Trip

1).
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Figure 1. Optimum speed profile for a trip of 2km and
120 sec for a train with 9 notches for acceleration and 9
notches for brake (Trip 1)
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Figure 2. Optimum control profile for a trip of 2km and
120 sec for a train with 9 notches for acceleration and 9
notches for brake (Trip 2)

The same train is run on the same track with elevations
and speed limits. Trip time in this case is 170 sec (Trip
2). The results are available in figure 3 and 4. The
dotted line represents the speed limit and the dashed
line represents the elevations.
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Figure 3. Optimum speed profile for a trip of 2km and
220 sec for a train with 9 notches for acceleration and 9
notches for brake (Trip 2)

000

Control - Distance
10 T . T T

Control

-10

L L L L L 1 1 L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Distance[m]

Figure 4. Optimum control profile for a trip of 2km and
220 sec for a train with 9 notches for acceleration and 9
notches for brake (Trip 2)

This approach can also be used for the trains with
continuous tractive effort. In that case however, high
discretization on the control variable is needed. Figures
5 and 6 show optimum speed profile and tractive effort
profile for a train with continuous tractive effort on a
level track with no elevation. Trip time is assumed to
be 120 sec and track length is 2 km (Trip 3). The
tractive effort is discretized in 120 steps.
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Figure 5. Optimum speed profile for a trip of 2km and
120 sec for a train with 60 notches for acceleration and
60 notches for brake (Trip 3)
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Figure 6. Optimum control profile for a trip of 2km and
120 sec for a train with 60 notches for acceleration and
60 notches for brake (Trip 3)

The same train is run on the same track with elevations
and speed limits. The trip time in this case is 230 sec
(Trip 4). The results are available in figure 7 and 8.
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Figure 7. Optimum speed profile for a trip of 2km and
230 sec for a train with 60 notches for acceleration and
60 notches for brake (Trip 4)
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Figure 8. Optimum control profile for a trip of 2km and
230 sec for a train with 60 notches for acceleration and
60 notches for brake (Trip 4)

Table 1 shows the train configuration and the track data

for each trip.

Table 1. Train data and track data for the 4 trips. Trip
distance is 2 km for all trips

Number of Trip | Speed | Elevations
control time | limits
variables [sec]

Trip | 19 120 no No

1

Trip | 19 170 yes Yes

2

Trip | 120 120 no No

3

Trip | 120 230 yes yes

4
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5. Discussion

In this section the application and the accuracy of the
approach is discussed and a short comparison is made
between the two approaches (i.e. the one presented in
(Ghaviha, Bohlin et al. 2014) and the approach
presented here). The comparison is made with regard
to two criteria of accuracy and ease of application.

5.1. Application

The approaches presented here and in (Ghaviha,
Bohlin et al. 2014) are developed to be a base for a
driver advisory system, which is a system that gives
instructions to driver on how to drive a train with the
aim of minimizing the energy consumption. Traction
motor in some trains provide a certain number of
notches for acceleration and braking, in other words the
tractive effort is discrete, whereas in other trains the
tractive effort is continuous which is like the gas pedal
in cars. When it comes to controlling a train, driver has
the direct control on the tractive effort of the train.
Therefore the best way to design a driver advisory
system is to give instructions in the form of optimal
tractive effort. This would be easy in trains with
different notches for the tractive effort and therefore
the approach with the tractive effort as the control
variable suits best for these kinds of trains. In the trains
with the continuous tractive effort however, as the
driver has access to continuous tractive -effort,
following the instructions in the form of the tractive
effort would be problematic for the driver. In this case
the optimum velocity sounds like a more suitable form
of instruction. Although it is possible to give
instruction in the form of the optimum velocity using
the approach with the tractive effort as control variable,
it is better to use the approach with the velocity as the
control variable due to accuracy issues, which will be
discussed in the next section, Accuracy.

5.2. Accuracy

As mentioned in the Approach section, xs; and vy;
should be rounded to the closest distance and velocity
step. As the result the model has an inaccuracy
regarding the velocity and the distance calculations. To
study these, two following errors are introduced:

€yi = Vei — Vri 12)
€xi = X¢i — Xpi (13)

Where e,,; is the difference between the real velocity
(vy;) and the rounded velocity (v,;) in time step i and
e,; 1s the difference between the real distance (x,;) and
the rounded distance (x.;) in time step i. Table 1 shows

the Root-Mean-Square error of the total errors for the
4 trips presented in the results section.

Table 2. RMSE of distance and velocity variables for
the four trips

RMSE for x[m] ij]fn]f /iojr
Trip 1 1.988579 0.148767
Trip 2 1.008387 0.112893
Trip 3 1.994318 0.29593
Trip 4 2.157717 0.284606

As mentioned before, trip 3 and 4 are meant for the
train with continuous tractive effort. A solution can
also be generated using the previous approach
presented in (Ghaviha, Bohlin et al. 2014). The same
error is also calculated for that solution and can be seen
in table 3. Note that since the velocity in the next time
step is assumed to be the control variable in the
previous approach, there would be no error for the
velocity. This is because of the fact that in the previous
approach, the velocity is selected, rather than being
calculated and used as state variable (Ghaviha, Bohlin
et al. 2014). Moreover for the sake of comparison, the
same time, distance and velocity discretization is used
for both approaches.

Table 3. RMSE of distance for the solution of trip 3 and
4 using the previous approach

RMSE for x[m]
Trip 3 2.090435
Trip 4 2.480182

As it can be seen the errors are negligible considering
the fact that the length of the track is 2 km and the
maximum train speed is 80 km per hours. Both
approaches also give almost the same RMSE for trip 3
and 4. However, when it comes to the comparison of
the two approaches, the one presented in (Ghaviha,
Bohlin et al. 2014) is more promising, as the distance
is the only variable which is estimated in that approach.

6. Conclusion

A train model and an approach is presented in this
paper for the optimal control of an electric train based
on discrete dynamic programming. The problem was
previously solved with the velocity as the control
variable. In the approach presented here tractive effort
is used as the control variable. This approach is most

DOI Proceedings of the 56" SIMS 381

10.3384/ecp15119377

October 07-09, 2015, Linképing, Sweden



Optimal Control of an EMU Using Dynamic Programming and Tractive Effort as the Control Variable

suitable for the trains with different notches for the
acceleration and braking (discrete tractive effort) as the
control variable can be adjusted according to the
number of notches available in the train. However for
the trains with continuous control on the tractive effort,
the approach presented in (Ghaviha, Bohlin et al. 2014)
is more suitable as it has higher accuracy compared to
the approach presented in this paper. It is to be
mentioned that a more thorough study is needed to
compare the two approaches regarding the application
and instruction issues, as more data and information is
needed regarding the drivers’ behavior when using a
driver advisory system.
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