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Abstract

The state/parameter estimation problem is studied for
a small-scale ICE CHP model. Three main groups
of estimators with signi�cant performance and com-
plexity di¤erences are analyzed: the Extended Kalman
Filter (EKF) as an extension of the classical Kalman
�lter, the generalized unscented Kalman �lter (UKF)
that uses the unscented transformation, and particle
�ltering like the particle �lter with resampling (PFr)
and the Ensemble Kalman Filter (EnKF)
The internal combustion engine is modeled as a mean-
value engine model connected with a static generator
model and the heat recovery circuit is modeled with
two lumped heat exchanger models, one for the coolant
circuit and the other for the exhaust gases. The coolant
circuit is connected with the engine through a lumped
inner engine thermal model.
Experimental data sets are arti�cially generated to test
the di¤erent estimators. Dynamic parameters of the
mean-value engine model are identify when the CHP
model is simulated in open loop. Additionally, relevant
heat transfer coe¢ cients of the heat recovery circuit are
monitored when the model is simulated in closed loop.

1. Introduction
There is a growing interest in the use of small-scale
and micro cogeneration systems in the residential sec-
tor to produce both useful thermal energy and elec-
tricity. A review and comparison of these systems pre-
sented in [1] indicates that internal combustion engine
(ICE) based combined heat and power (CHP) units
are the most suitable products available today in the
market for the residential sector. However, they do
need regular maintenance and servicing, and most of
them operate with simple high level control policies
(e.g. on/o¤). Advanced controllers (e.g. optimization
based techniques) and better monitoring techniques
can be used with an online state/parameter estimator
to reduce the operating costs.
It is of interest to study the state/parameter esti-

mation problem of a small-scale CHP unit with the

purposes of control, maintenance, and identi�cation.
Online parameter identi�cation of a CHP unit can

be achieved using recursive state/parameter estima-
tors. Fast and slow varying parameters tracking is of
interest [2] not only to identify the physical parame-
ters but also to detect failures and components degra-
dation. Additional di¢ culties for the estimation prob-
lem include: nonlinearities, a limited number of noisy
measurements, unmodeled dynamics, and simplifying
assumptions.
For linear systems with normally distributed process

and measurement noise the optimal recursive estima-
tor is the Kalman �lter [3]. State estimation for nonlin-
ear systems is considerably more di¢ cult and admits a
wider variety of suboptimal solutions [4]. Three main
groups of techniques with signi�cant performance and
complexity di¤erences are analyzed: classical nonlin-
ear extensions of the Kalman �lter like the Extended
Kalman Filter (EKF), unscented �ltering with the gen-
eralized Unscented Kalman Filter (UKF), and particle
�ltering like the particle �lter with resampling (PFr)
and the Ensemble Kalman Filter (EnKF). The pa-
rameters are directly estimated using the parameter
state-augmented approach and the discrete version of
the estimators is implemented.
A simple CHP model structure of a small-scale spark

ignition (SI) ICE based cogeneration system is taken
[5]. The main subsystems are: the SI ICE engine, the
generator, and the outer loops heat recovery circuits.
The paper is organized as follows: �rst a description

of the CHP model including its main assumptions is
given. Then, the recursive nonlinear state/parameter
estimators algorithms and their tuning parameters are
described. In section 4, the implementation details
and the estimation results are presented. Finally, the
conclusions with a general comparison of the nonlinear
estimators for this problem are given.

2. Model description
In [5,6] a small-scale SI ICE based cogeneration model
with a simple dynamic engine model is presented. The
CHP main subsystems are the reciprocating spark ig-
nition (SI) internal combustion engine (ICE), the gen-
erator, and the outer loop heat recovery circuits.
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Table 1. MVEM and generator models
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The SI ICE is modeled as a lumped parameter mean-
value engine model [7�9] and the generator is consid-
ered as a simple static model (see Fig. 1). It is as-
sumed that the engine is controlled to operate at its
stochiometric ratio with a �xed ignition angle equal to
the value of the engine maps. The volumetric and ther-
modynamic e¢ ciencies are approximated using second
order polynomials of the angular velocity and the in-
take manifold pressure (for details see [10]). The heat
�ow rate transferred from the cylinder gases into the
cylinder walls, _Qcg;cw; is also approximated using a
second order polynomial of the current mean e¤ective
pressure (i.e. load) and the angular velocity.
The heat recovery system (see Fig. 2) connects the en-
gine inner thermal model with a secondary circuit (e.g.
a bu¤er tank). The engine cooling and the exhaust
gases heat recovery circuits are coupled with the sec-
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Figure 1. MVEM and electrical generator

ondary system using two simple heat exchanger mod-
els. The pipes connecting the di¤erent components
are assumed adiabatic and the pumps are operated at
constant mass �ow rates, that is, dup1=dt = 0 and
dup2=dt = 0.
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Figure 2. HRC and engine inner thermal model

A parameterized models of the CHP unit can be seen
in table 1 for the MVEM and the electrical generator,
and in table 2 for the heat recovery circuit and the
engine inner thermal model. The model notation is
summarized in table 8.

3. Nonlinear estimation
3.1 Model equations

The CHP model can be written in the general discrete
nonlinear state space form:

xk = fk�1 (xk�1; uk�1; wk�1)

yk = hk (xk; vk) (1)

where fk�1 : Rnx+nu+nw 7! Rnx�1 is the discrete
state function, xk 2 Rnx�1 is the discrete state vector,
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Table 2. HRC models
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uk�1 2 Rnu�1 is the discrete input, wk�1 2 Rnw�1
is the discrete process noise vector, hk : Rnx+nv 7!
Rnx�1 is the discrete output function, vk 2 Rnv�1 is
the discrete measurement noise vector, yk 2 Rny�1
is the output vector, and k is the time index. The
noise vector sequences fwk�1g and fvkg are assumed
Gaussian, white, zero-mean, uncorrelated, and have
the known covariance matrices Qk 2 Rnx�nw and
Rk 2 Rny�nv .

3.2 Augmented states

The augmented state space approach can be directly
used to simultaneously solve the state and the parame-
ter estimation problem (e.g. see [11]). An augmented
state space representation is formulated by adding the
vector of parameters to be estimated �k 2 Rn��1 as
new states:
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The noise vector sequences fwk�1g and fvkg are
assumed Gaussian, white, zero-mean, uncorrelated,

and have the known covariance matrices Qk =
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(�)
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During the propagation step the augmented states
corresponding to parameters �k are considered equal to
the previous time step �k�1 with some additive process
noise w(�)k�1. If it is assumed that the parameters do
not change at all, then there is no process noise vector
w
(�)
k�1, but for the more general case of time-varying pa-
rameters (or where component degradation may hap-
pen), the value of Q(�)k will be given by the admissible
range of variation of �k: During the measurement up-
date step the parameter values are corrected.
For notation simplicity, in the estimators algorithms

that follow, the augmented state vector is referred as
xk, the state augmented function (2) is referred as
fk�1, and the augmented process noise vector is re-
ferred as wk�1.

3.3 Nonlinear Recursive Estimators

The nonlinear estimation problem can be formulated
as a recursive Bayesian estimation problem with a
propagation and a measurement update steps. This is
the optimal way of predicting a state probability den-
sity function (pdf) p (xk) for any system in state space
representation with process and measurement noise1 .
Assuming that the initial state pdf p (x0), the

process noise pdf p (wk�1) ; and the measurement noise
pdf p (vk) are known, a recursive solution of the esti-
mation problem can be found using �rst the Chapman-
Kolmogorov equation to calculate the a priori pdf
for the state xk based on the last measurement yk�1
(propagation step)

p(xkjyk�1)=
R
p(xkjxk�1)p(xk�1jyk�1)dxk�1 (4)

where p (xkjxk�1) can be calculated from the state
function fk�1 and the pdf of the process noise wk.
And then, the Bayes rule to update the pdf of the

state xk with the new measurement yk (measurement
update)

p (xkjyk)=
p (ykjxk) p (xkjyk�1)R
p (ykjxk) p (xkjyk�1) dxk

(5)

where p (ykjxk) is available from our knowledge of the
output function hk and the pdf of vk, p (xkjyk�1)
is known from (4). Although the initial state pdf

1Markov process of order one

119



p (x0), the process noise pdf p (wk�1) ; and the mea-
surement noise pdf p (vk) are needed to solve the re-
cursive Bayesian estimation, no speci�c statistical dis-
tribution is required.
The recursive relations (4) and (5) used to calcu-

late the posterior pdf p (xkjyk) are a conceptual so-
lution and only for very speci�c cases can be solved
analytically. In general, approximations are required
for practical problems. Three main groups of subopti-
mal techniques with signi�cant performance and com-
putational cost di¤erences are used to approximate
the recursive Bayesian estimation problem: the classi-
cal nonlinear extensions of the Kalman �lter, the un-
scented �ltering techniques, and the particle �ltering
approaches.

3.3.1 Extended Kalman Filters

Table 3. EKF algorithm
Initialization:
x̂0j0 = E(x0)

P0j0 = E[(x0 � x̂0j0)(x0 � x̂T0j0)]
for k = 1; 2; : : :

Propagation step:
(a priori covariance estimate)
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T
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T
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(a priori state-output estimate)

x̂kjk�1 = fk�1(x̂k�1jk�1; uk�1; 0)

ŷkjk�1 = hk (x̂kjk�1; 0)

Measurement update:
(Kalman gain calculation)
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���
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���
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Kk = Pkjk�1H
T
k (HkPkjk�1H

T
k +MkRkM

T
k )
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(a posteriori state-covariance estimate)

x̂kjk = x̂kjk�1 +Kk(yk � ŷkjk�1)
Pkjk = (I �KkHk)Pkjk�1

The discrete EKF is probably the most used sequen-
tial nonlinear estimator nowadays. It was originally
developed as a nonlinear extension by Schmidt [12]
upon the seminal work of Kalman [3] Based on the
Kalman �lter, it assumes that the statistical distribu-
tion of the state vector remains Gaussian after every
time step2 so it is only necessary to propagate and
update the mean and covariance of the state random
variable xk. The main concept is that the estimated
state (i.e. estimated mean of xk) is su¢ ciently close
to the true state (i.e. true mean of xk) so the nonlin-
ear state/output model equations can be linearized by

2 this assumption is in general not true for nonlinear systems

a truncated �rst-order Taylor series expansion around
the last estimated state.
The discrete algorithm can be seen in table 3. In

general, it works for many practical problems but no
general convergence or stability conditions can be es-
tablished3 and its �nal performance will depend on the
speci�c case study. For highly nonlinear models with
unknown initial conditions the EKF assumptions may
prove to be poor and the �lter may fail or have a poor
performance. The main tunning parameters are the
estimator covariance matrices Qk and Rk:

3.3.2 Unscented Kalman Filters

Table 4. UKF algorithm
Initialization:
L = nx + nw + nv; � = �

2(L+ �)� L

 = 2

p
L+ �; �0m = �=(�+ L)

�0c = �=(�+ L) + (1� �2 + �)
for i = 1; 2; : : : ; 2L

�im = (2(�+ L))�1; �ic = �
i
m

x̂0j0 = E(x0)

P0j0 = E[(x0 � x̂0j0)(x0 � x̂0j0)]
for k = 1; 2; : : :

Propagation step:
(sigma points propagation)
~Pk�1jk�1 = blkdiag(Pk�1jk�1; Qk; Rk)

~x0k�1jk�1 = [(x̂k�1jk�1)
T ; 01�nW ; 01�nv ]

T

for i = 1; 2; : : : ; L

~xik�1jk�1 = ~x0k�1jk�1 + 
 chol( ~Pk�1jk�1; i)

~xi+Lk�1jk�1 = ~x0k�1jk�1 � 
 chol( ~Pk�1jk�1; i+ L)
~x
(x)i

kjk�1 = fk�1(~x
(x)i

k�1jk�1; uk�1; ~x
(w)i

k�1jk�1)

~yikjk�1 = hk(~x
(x)i

kjk�1; ~x
(v)i

k�1jk�1)

(a priori state-output estimate)

x̂kjk�1 =
P2L

i=0 �
i
m~x

(x)i

kjk�1

ŷkjk�1 =
P2L

i=0 �
i
m~y

i
kjk�1

(a priori state covariance estimate)

~eix;kjk�1 = (~x
(x)i

kjk�1 � x̂kjk�1)
Pkjk�1 =

P2L
i=0 �

i
c(~e

i
x;kjk�1)(~e

i
x;kjk�1)

T

Measurement update:
(Kalman gain calculation)

~eiy;kjk�1 = (~y
i
kjk�1 � ŷkjk�1)

Py =
P2L

i=0 �
i
c(~e

i
y;kjk�1)(~e

i
y;kjk�1)

T

Pxy =
P2L

i=0 �
i
c(~e

i
x;kjk�1)(~e

i
y;kjk�1)

T

Kk = PxyP
�1
y

(a posteriori state-covariance estimate)

x̂kjk = x̂kjk�1 +Kk(yk � ŷkjk�1)
Pkjk = Pkjk�1 �KkPyK

T
k

The unscented Kalman �lter was originally developed

3 except for some special cases [13]
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by Julier and Uhlman [14�17].
In the unscented Kalman �lters instead of approxi-
mating the nonlinear state/output functions, it is the
probability distribution what is approximated. Basi-
cally, a set of points, called sigma points, are gener-
ated to match the state mean and state covariance of
the probability distribution of the last estimated state,
then they are propagated through the nonlinear func-
tion. The projected points are used to approximate the
�rst two moments (i.e. the a priori estimated state and
state covariance) that are necessary during the mea-
surement update step. This �lter normally outper-
forms the previously presented EKF. Its more general
form has a higher computational cost but it does not
require the calculation of any Jacobian matrices (i.e.
derivatives). The algorithm can be seen in table 4.
The tunning parameters of the UKF are also the esti-
mator process and measurement noise covariance ma-
trices and the scalar parameters f�; �; �g: � deter-
mines the spread of the sigma points around the last
estimate, and � value depends on the type of distri-
bution assumed (for more details about their values
see [17])

3.3.3 Particle Filters

The particle �lter was �rst proposed by Metropolis
and Wiener in the 40�s but until the the 80�s its imple-
mentation was not practical [13]. The particle �lter is
a statistical, brute-force approach to estimation that
works by approximating the recursive Bayesian esti-
mation problem. Its fundamental idea is to represent
a pdf by a set of samples called particles.
During the propagation step, the particles that ap-
proximates p (xk�1jyk�1) from the last iteration are
projected through the known dynamic model to ob-
tain an approximation of p (xkjyk�1) : Then during the
measurement update, each particle likelihood qi is cal-
culated using the measurement yk, the known output
function and the measurement noise known pdf to ap-
proximate the likelihood p (ykjxk). If the measurement
noise pdf p (vk) is normal, then the likelihood function
for each particle is proportional to

qi = p
�
ykjxikjk�1

�
(6)

eik = yk � hk
�
xikjk�1

�
/ 1

2�m=2 jRj1=2
exp(�0:5(eik)R�1(eik)T ) (7)

Then this expression is normalized to assure that the
sum of all likelihoods is equal to one

~qi =
qiPN

j=1 p
�
ykjxjkjk�1

� (8)

Table 5. PF algorithm
Initialization:
(initial particles set)

for i = 1; 2; : : : ; N

xi0j0 � N (x0; P0)
for k = 1; 2; : : :

Propagation step:
(particles state-output propagation)

for i = 1; 2; : : : ; N

xikjk�1 = fk�1(x
i
k�1jk�1; uk�1; w

i
k�1)

yikjk�1 = hk(x
i
kjk�1; v

i
k�1)

Measurement update:
(relative likelihood for each particle)

qi = p(ykjxikjk�1)
~qi = qi=

PN
i=1 qi

(resampling with replacement step)

Pr
�
xjkjk = x

i
kjk

�
= ~qi

(a posteriori state-covariance estimates)

x̂kjk = (N)
�1PN

i=1 ~qix
i
kjk

Pkjk =
PN

i=1 ~qi(x
i
kjk � x̂kjk)(xikjk � x̂kjk)T

Using the resampling with replacement step a new
particle set is generated from the old one likelihood
weights. The new particle set approximates the
p (xkjyk) : From this pdf the two �rst central moments
are computed 4 . The new particle set is used in the
next iteration. For details about the algorithm see ta-
ble 5.
It is clear that as the number of particles goes to in�n-
ity, the quality of the approximations is increased and
the approximated pdf approaches the real distribution
p (xkjyk). The particle �lter has several advantages:
it can be applied to any nonlinear non-gaussian esti-
mation problem, it approximates the whole pdf and
not only a few estimators, it easy to implement and
it normally works. Its main disadvantage is clearly its
high computational cost. For more details see [18,19].
The EnKF can be considered also a particle �lter. It
uses an ensemble (i.e. particle set) during the propa-
gation step but the classical Kalman measurement up-
date equations (instead of using the resampling with
replacement approach) during the measurement up-
date step. The covariances matrices Pxy and Py ob-
tained from the propagation of the ensemble elements
through the nonlinear state-space are used to calcu-
late the Kalman gain Kk: The a posteriori ensemble
is calculated from the Kalman gain matrix and an ar-
ti�cially generated measurement particle set that is
normally distributed with mean equal to the last mea-
surement yk and covariance equal to Rk. The a poste-
riori ensemble is used to calculate the a posteriori state

4 to be consistent with the other implemented �lters.
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Table 6. EnKF algorithm
Initialization:
(initial ensemble)

for i = 1; 2; : : : ; N

xi0j0 � N (x0; P0)
for k = 1; 2; : : :

Propagation step:
(ensemble propagation)

for i = 1; 2; : : : ; N

xikjk�1 = fk�1(x
i
k�1jk�1; uk�1; w

i
k�1)

yikjk�1 = hk(x
i
kjk�1; v

i
k�1)

(estimated state-output propagation)

x̂kjk�1 = (N)
�1PN

i=1 x
i
kjk�1

ŷkjk�1 = (N)
�1PN

i=1 y
i
kjk�1

(covariance calculation)

eix;kjk�1 = (x
i
kjk�1 � x̂kjk�1)

Pkjk�1 = (N � 1)�1
PN

i=1(e
i
x;kjk�1)(e

i
x;kjk�1)

T

Measurement update:
(Kalman gain calculation)

eiy;kjk�1 = (y
i
kjk�1 � ŷkjk�1)

Py = (N � 1)�1
PN

i=0(e
i
y;kjk�1)(e

i
y;kjk�1)

T

Pxy = (N � 1)�1
PN

i=0(e
i
x;kjk�1)(e

i
y;kjk�1)

T

Kk = PxyPy
�1

(state-out-covariance update)

xikjk = x
i
kjk�1 +Kk((yk + v

i
k)� yikjk�1)

x̂kjk = (N)
�1PN

i=1 x
i
kjk

Pkjk = Pkjk�1 �KkPyK
T
k

and covariance estimate, and it is used for the next �l-
ter iteration of the algorithm. For details about the
algorithm see table 6. The EnKF was originally devel-
oped by [20] to overcome the curse of dimensionality in
large scale problems (i.e. weather data assimilation).
It is suggested in the literature [21] that ensembles (i.e.
particle sets) of 50 to 100 are often adequate for sys-
tems with thousands of states but no conclusive work
has been done on this direction.
Beside the estimator process and measuremnet noise
covariance matrices the other tunning parameter for
this two �lters is the number of particles/ensemble el-
ements.

4. Results
The CHP model is written in Modelica and compiled
in Dymola into a stand-alone executable �le called
Dymosim. The di¤erent estimators are implemented
in Matlab from where Dymosim is sequentially called
during the propagation step to project the state vector
in the estimators algorithms. The parameter state vec-
tor �k is directly propagated within the Matlab code so
the original CHP model does not need to be modi�ed

to include the parameter dynamic equations.
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Figure 3.MVEM throttle and electrical load inputs
(above) and measured outputs (below).

Because the HRC does not a¤ect the performance
of the MVEM model wrt. the mechanical work gen-
erated5 the estimation problem can be divided into
two estimation problems for the MVEM and the HRC
subsystems. For the two cases it is assumed that the
inputs of the system are perfectly known. Due to
the lack of experimental measurements, simulated data
sets are generated using normally distributed additive
white process and measurement noise.
For the MVEM model the parameters to be esti-

mated are fVmn; Ieng. The measured outputs are the
manifold pressure pmn and the angular velocity !en.
The MVEM is operated in open loop, the inputs are
the throttle control input uth and the electrical load
control input uel (see Fig. 3): Other model parameters
are assumed to be known.
The estimators are simulated for 240 s with a sam-

pling time of 0:1 s. Because the transient response is
relevant to identify these parameters, step-like input
sequences with high frequency content are used. The
same estimator initial state, measurement and process
noise covariance matrices are used for all the �lters.
The discrete Jacobian matrix is approximated from the
jacobian given by Dymosim during its linearization.
The UKF parameters are f�; �; �g = f1E�2; 0; 2g,
the EnKF is simulated for N = f30; 50; 100g and the
PF for N = f100; 200g. The estimated parameters

5This is true for the simpli�ed model presented.
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Figure 4. Estimated intake manifold volume Vmn
(above) and engine inertia Ien (below)

x0 = [pmn; !en; Vmn; Ien]
T = [7E 4; 350; 1:8E�2; 0:2]T

x0j0 = [7:9E 4; 470; 3:2E�2; 0:6]T

Qk = diagblk [diag([3 E 3,1E 2]);diag([1 E�8,1E�4])]
Rk = diag([6E 3,2E 2])

for each �lter are shown in Fig. 4. The EKF has a
poor performance with a very noisy parameter estima-
tion. A zig-zag behavior is seen for the Vmn parameter
when the inputs change abruptly, this is a clear conse-
quence and limitation of its derivative based formula-
tion.The UKF performs very well staying around the
value of the true parameters. The EnKFs as expected,
increase their accuracy as the number of elements in
the ensemble is increased. The PF has suprisingly a
poor performance, an increased number of particles
improves the estimation of one parameter but degrades
the estimation of the other one. Probably due to the
sampling empoverishment the �lter stays trapped and
an increased number of particles do little to remedy
this situation, a roughening algorithm should proba-
bly solve this problem.
For the HRC models the parameters to be estimated

are f�cw;co; G1 = �1a;1bA1a;1b; G2 = �2a;2bA2a;2bg.
Other HRC model parameters are assumed known.
The measured outputs are f#co; #2a; #2b; #1bg. The
HRC is operated in closed loop with the thermal
control loop regulating the coolant ouput temperature
at 95 �C. The MVEM model is simulated operating
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Figure 5. HRC estimated parameters: heat trans-
fer coe¢ cient �cw;co (above), G1 (middle), and G2
(below).

under closed loop wrt. angular velocity with the
MVEM parameters are assumed known. The control
input is the electrical load uel: Fouling and a sudden
change in G1 is arti�cially generated to see the
tracking capabilities of the �lters.
The estimators are simulated for 6:9 h with a sampling
time of 60 s. The same estimator initial state, measure-
ment and process noise covariance matrices are used
for all the �lters.

x0 = [#cw; #co; #eb; #2a; #2b; #1a; #1b; �cw;co; G1; G2]
T =

=[573; 293; 293; 323; 323; 323; 323; 15; 100; 500]T

x0j0 = [353; 363; 313; 333; 303; 273; 273; 25; 300; 700]
T

Qk = dgblk [eye(7) � 5E�3; eye(7) � 1E�3]
Rk = diag(eye(4) � 5E�2)

The UKF parameters are f�; �; �g = f1E�2; 0; 2g,
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the EnKF is simulated for N = f30; 50; 100g and
the PF is simulated for N = f100; 150g particles.
The estimated parameters for each �lter are shown
in Fig. 5. The EKF has a good performance with
a similar response to the UKF for the �rst two para-
meters f�cw;co; G1g : For the third parameter G2 the
EKF converges slower than the UKF to the true time-
varying parameter. But it outperforms the EnKF with
ensembles of size less than 100 elements. The EnKF
100 and the UKF show a comparable performance for
all the estimated parameters. The PF again shows a
poor performance that can again be explained by the
sampling empoverishment.

5. Conclusions

The recursive parameter estimation problem is ana-
lyzed for a general CHP model. Some relevant model
parameters are estimated using simulated data sets.
The best estimator performance is achieved by the
UKF for the presented cases. The EKF performs well
but some undesirable e¤ects appear as a consequence
of the use of the derivatives in its formulation. The
EnKF performs similarly to the EKF for moderate
size ensembles (i.e. less than 100) reaching a perfor-
mance similar to the UKF for ensembles larger than
100 elements. The PF performs poorly but this can
be probably �x by adding a roughnening algorithm in
its formulation [19].
The computational cost of the estimators increases
considerably from the EKF to the PF because of the
number of projection required for every estimator iter-
ation. Additionally, the CHP model is run from a Dy-
mosim executable �le and this slows down signi�cantly
the computational performance of the estimators (i.e.
the computational time required for every estimator
interation). Dymosim uses a slow �le input/output
interface and consequently exhaustive Montecarlo sim-
ulation analysis of the performance of the di¤erent es-
timators are prohibitively slow.
Many aspects concerning the online parameter es-
timation problem depends on the many character-
istics of the real system: the number of uncertain
state/parameters, the magnitude of uncertainty, the
functional dependence of outputs on the uncertain
state/parameters, the quality of output measurements,
and the knowledge of system inputs [22]. So our fu-
ture work will be focus on the identi�cation of the
CHP model from real experimental data. Data sets
with a limited number of measurements from a CHP
unit manufacturer may be available in a short time.
It is also of future interest to run the estimators using
a the CHP model implemented in Matlab to speed up
the iteration time and to run exhaustive analysis of
the estimators.

Table 7. Estimators Notation
symbol description
(Common notation)

k 2 N+ time index

x̂kjk�1 2 Rnx�1 a priori x estimate

x̂kjk 2 Rnx�1 a post. x estimate

ŷkjk�1 2 Rny�1 a priori y estimate

ŷkjk 2 Rny�1 a post. y estimate

Pkjk�1 2 Rnx�nx a priori P estimate

Pkjk 2 Rnx�nx a post. P estimate

Kk 2 Rnx�n kalman gain

x̂0j0 2 Rnx�1 initial x estimate

P0j0 2 Rnx�nx initial P estimate

(extended Kalman �lters)

Fk�1 2 Rnx�nx jacob: fk�1 wrt. xk�1
Lk�1 2 Rnx�nw jacob. fk�1 wrt. wk�1
Hk 2 Rny�nx jacob. hk wrt. xk
Mk 2 Rny�nv jacob. hk wrt. vk
(unscented Kalman �lters)

L 2 N+ num. aug. states

�; �; �; 
; � 2 R �lter parameters

�im 2 R ith �-pt. mean weight

�ic 2 R ith �-pt cov. weight

~xikjk 2 RLx1 ith �-pt

~x
(x)i

kjk 2 R
nx�1 ith �-pt x elements

~x
(w)i

kjk 2 Rnw�1 ith �-pt w elements

~x
(v)i

kjk 2 R
nv�1 ith �-pt v elements

~Pkjk 2 RLxL a post. aug. P estimate

Py 2 Rny�ny cov. y vector

Pxy 2 Rnx�ny crosscov. xy vectors

(particle �lters and ensemble KF)

N 2 N num. particles

xikjk�1 ith a prior. particle

qi ith particle likelihood

~qi normalized qi
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