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Abstract

A Temporal CSP is a network of time-points related by binary
constraints expressing maximal and minimal durations between
them. This formalism has proven to be useful in many different
research areas, but it has also proven to be limited in the sense
that it does not take into account the contingent nature of some
constraints: in many real applications, we cannot decide some
effective durations that are not under our control but will be
provided by the external world. This paper aims at proposing
an extension of TCSP that enables the expression of such con-
straints. Here indeed the classical consistency property must be
redefined in terms of controllability of the network : in outline, a
network is controllable iff it is consistent in the classical sense in
any situation that could arise in the external world, i.e. whatever
the actual durations of the contingent intervals are. A more in-
depth analysis leads to the identification of three different levels
of controllability, the Strongs, the Weak and the Dynamic one.
The paper will focus on the representation and concept issues,
with some hints on their relevance in different domains. The rea-
soning aspects (complexity and algorithms) will only be sketched
in this preliminary report.

This paper is under submission to TIME’97 workshop.



1 Background and overview

A large number of research domains in A.I. need to handle time in
an explicit and highly expressive manner. Apart from studies dealing
with logics of time, researches have been carried out on temporal al-
gebras, i.e. formalisms solely capturing the time entities (points or in-
tervals) and the relations among them. Constraint Satisfaction Prob-
lems model them in terms of variables and constraints. We should
distinguish here between symbolic constraint algebras [1, 15|, models
dealing with numerical constraints! [4], and some advanced proposals
combining both [12, 9, 6].

We will focus in this paper on numerical temporal constraints in
the Temporal CSP (TCSP) formalism [4]. Those are useful in such
domains as scheduling [7], supervision [5], diagnosis and temporal
databases [3], multimedia authoring environments [10], or planning.
In this latter domain, the incremental planner IxTet [9] used a TCSP
model to check the temporal consistency of the plan (i.e. a partially
ordered set of tasks allowing an agent to reach a given goal). The
next step [14] was to take into account the inherent uncertain nature
of durations of some tasks in realistic applications, distinguishing
between contingent constraints (whose effective duration will only
be observed at execution time. e.g. the duration of a task) and free
ones (which instanciation is controlled by the agent, e.g. the duration
between starting times of tasks). This will be recalled in Section 2.

Inspired by the thorough study carried out in the framework of
discrete CSPs [8] on the same kind of distinction, we had to redefine
consistency in terms of what we called the Strong controllability (i.e.
existence of one solution that will satisfy the whole set of constraints
in any situation possibly arising in the external world) and the Weak
controllability (i.e. in any situation, there exists at least one solution
that satisfies the constraints in that context). But these notions
fail unfortunately to encompass the reactive nature of the solution
building process in dynamic domains like planning, which Section
3 will explain and argue, eventually issuing the thorough definition
(which is the main contribution of this article) of a third level of
controllability, the Dynamic one. Section 4 will only quickly and
partially tackle the reasoning issues (complexity, tractable subclasses
and algorithms).

2 Representation issues

2.1 The Temporal CSP

In the time-point continuous algebra, time is represented through a
set of time-points related by a number of relations (see [15]), that
can be be represented through a graph of time-points and precedence

'The unified term of duration will be used for designing the value of such
constraints, possibly expressing as well notions of dates and delays.



(=) relations [9]. One can also use time-point graphs to represent
numerical constraints, thanks to the TCSP formalism [4]. Here bina-
ry constraints define the possible durations between two time-points
by means of temporal intervals. The STP (Simple Temporal Prob-
lem) restriction of general TCSPs applies when those are only non-
disjunctive intervals: ¢;= [l;,u;] between z and y expresses that the
values of z and y must be such that (y-z) € [l;,u;]. A TCSP is said to
be consistent if one can choose for each time point a value such that
all the constraints are satisfied, the resulting instanciation being one
solution of the TCSP. Consistency checking of a general TCSP is NP-
complete, but for some restrictions such as the STP, polynomial-time
polynomial (e.g. the PC-2 3-consistency checking algorithm [11]) are
complete.

2.2 The STPU

The TCSP model suits well the cases where effective durations are
under the control of the agent. If not, the problem has to be redefined
in the following way [14]:

Definition 2.1 (Two kinds of constraints / variables)

A free constraint c; (referred as Free in the following) is a numer-
ical constraint of type (x-y) € [l;,u;] that will be instanciated by the
agent in the domain [l;,u;].

A contingent constraint g; (referred as Ctg in the following) is a
numerical constraint of type (e;—b;) € [l;, u;| that will be instanciated
by the external world in the domain [l;,u;].

The activated time-points b; are those which date is assigned by
the agent.

The received time-points e; are those which unpredictable date is
assigned by the external world.

Hence the domain of a Free can be reduced by propagation (re-
moving values that are inconsistent with other contraints [4]) while
the domain of a Ctg should NOT (as it would remove possibly occur-
ring values). Those distinctions allow the definition of a new model
called Simple Temporal Problem under Uncertainty (STPU).

Definition 2.2 (STPU) N = (V,, Ve, Ry, R.) represents a STPU
with
Vo ={b1,...,bp} is the set of the B activated time-points,
Ve ={e1,...,er} is the set of the E received time-points,
R.={c1,...,cc} is the set of the C Frees,
Ry ={91,...,9c} is the set of the G Ctgs, with Vg; =[l;, u;],1; >0.

So a Ctg encompasses the notion of an activity (e.g. a task)
which (non-null) duration is contingent. One can notice that those
definitions entail the basic property that a Ctg always relates an
activated time-point (“begin”) to a received one (“end”), and that



hence two activated [resp. received] time-points will always be related
by a Free.

3 Consistency revisited: 3 levels of controlla-
bility
3.1 Preliminary definitions

Definition 3.1 (Control sequence, Current-solution)

A control sequence & of the STPU is an assignment of the sole
activated time-points: § = {b1,...,bg}>%.

A current-solution at time-point i is a partial control sequence
0si = {bl, ...,bBI}, B’ < B, such that Vj=1... B', bj < 1.

Hence, in planning for example, where the solution is built reac-
tively, a current-solution defines that part of a control sequence (i.e.
a starting time for each task) currently developped until point 7. This
entails that Vé and Vi=1...B, 3l§5; C 4.

Definition 3.2 (Situation) Given that Vi=1...G, g;=[l;,u;],

Q =[l1,u1] X ... x [lg,ug] will be called the space of situations, and
w={wi € [l1,u1],...,wqg € [lg,uc]} € Q will be called a situation of
the STPU.

Definition 3.3 (Projection) Yw € Q, N,, is called the projection
of the STPU N in the situation w, and is constructed by replacing
every Ctg g; = [l;,u;] in N by the singleton g;={w;}, with w; € w.

Property 3.1 A projection N, defines a classical STP [14].

Definition 3.4 (Past-situation, Situation-to-come) In the same
way as we have defined a current-solution, we can define the past-
situation w_; € Q; [resp. the situation-to-come wy; € Q. ;/ at point
i as being the set of observations® prior to [resp. subsequent to] i.

3.2 The Strong controllability

Definition 3.5 (Strong controllability) AN is Strongly controllable
uff

3 a control sequence 6 ={b1,...,bp} such that Yw € Q2,4 is a solution

of N.

In other words, the STPU is Strongly controllable iff there exists at
least one “universal” solution that fits any situation (and that hence,

as far as dynamic applications are concerned, might be computed
off-line beforehands).

2Notice that in order to ease the formulation, we adopt the usual misuse of
merging variables and values into one unique notation.

3Intuitevily, an observation is the effective duration w; received by the system
at time-point e;, whereas a decision will refer to the value assigned to an activated
time-point b;.



Examples
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Figure 1: Strong controllability checking

The two first drawings in figure 1 show a during-like relation [1]
between two Ctgs. The first case (a) is not Strongly controllable,
since there exists at least one situation {w;=30, we=35} that violates
the during relation. The second case (b) is Strongly controllable since
for instance the control sequence {b; = 0,by = 0} is valid whatever
values are taken by w; and ws.

The third case (Figure 1(c)) exhibits a simple before-like relation
[1] between two Ctgs that would be rejected by a Strong controllabil-
ity checking algorithm, since instanciation of by depends on w;. But
it looks controllable from a planning point of view since one will have
no problems deciding when to activate the second “task” gs once the
first one g; is achieved. Hence, Strong controllability appears to be
a too much demanding property, calling for a “weaker” one ....

Anyway, Strong controllabilty may be relevant in specific appli-
cations where the situation is not observeable at all or where the
complete control sequence must be known beforehands (e.g. when
other activities processed by other agents depend on it, which for
instance may arise in the production planning area).

3.3 The Weak controllability

Definition 3.6 (Weak controllability) N is Weakly controllable

uf
Vw e Q, 3§ = {by,...,bp} such that § is a solution of N,.

In other words, the STPU will remain Weakly controllable as far
as in any given situation, there exists at least one solution (which
holds in the case of figure 1(c)). Hence, as soon as one knows the
situation, one can pick and apply the control sequence that matches
the situation.

Example

Figure 2 exhibits a possible 3-Ctgs network, which is shown to be
Weakly controllable (this will not be proven here). Unfortunately, in
dynamic domains such as planning, the solution (the plan) is applied
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Figure 2: Shortcomings of the Weak controllability

(executed) reactively, i.e. whereas the situation remains partially un-
known. For instance, if we assume that by =bs =0 (which will always
ensure an optimal control sequence), then the “sequence” to find is
reduced to the simple decision of instantiating bs. The table next to
the figure exhibits two distinct situations where one can see that the
decision to be taken depends upon the observation of ws, which will
remain unknown when bs is activated. Therefore in dynamic domains
we would like to conclude that the network is “not controllable”.

Hence the property that we seek for our planning application is
not Weak controllability either. But again, this property may be
relevant in specific applications where the situation will be known
JUST BEFORE the execution starts (consider for instance delivering
delays in production planning), but one wants to know in advance
that there will always be at least one feasible solution.

3.4 The Dynamic controllability

In dynamic application domains, the decisions must be taken in the
process of time, as far as one “observes” the situation at hand. This
means that at each point in time, the situation splits into the past-
situation that is known and the situation-to-come that remains un-
known.

Definition 3.7 (Dynamic controllability) N is Dynamically con
trollable iff
Yw e Q, 36 = {by,...,bp} such that

Vi € Vy with past-situation w-; C w, V possible situation-to-come
w._; € Qy4, 3 8" such that the current-solution 6_; C ¢' and &' is a
solution of Nw<iUw’>i'

In other words, each successive decision is ensured to extend to a
global solution whatever occurrences remaining to be observed. Plan-
ning is not the only domain in which this applies: in multimedia au-
thoring environments research, [10] make the same distinction betwen
contingent and free constraints to model the temporal structure and
dynamic presentation of a document. It appeared recently that our
Dynamic controllability was the one to be considered in this frame-
work.



3.5 The basic property relating the three levels

Property 3.2
Strong controllability = Dynamic controllability = Weak controlla-
bality.

Sketch of proof: The first implication is straightforward: if there exists a
“universal” control sequence J, then of course in any situation, we can
choose to develop this one, and at any point in time, the current solution
extends to ¢ itself in any possible situation-to-come.

The second implication is even more trivial: for any situation w, if a current-
solution can be extended to any situation-to-come, then it will be the case
in the situation w itself.

In other words, when trying to satisfy the Dynamic controllability
requirement, checking the Strong one will be a complete but not
sound process, whereas Weak controllability checking will issue sound
but uncomplete answers.

4 Complexity issues and reasoning techniques

This section will not be deeply developped (and some proofs will not
be provided) in this preliminary report, because of the limited length
and also because it refers to already published or on-going work.

4.1 Checking the Strong controllability

For an in-depth analysis of the Strong controllability checking, we in-
vite the reader to refer back to the Decision Graph method described
n [14]. We will only recall hereafter the basic tractability property.

Property 4.1 (Complexity of the Strong controllability)
Checking the Strong controllability is polynomial.

Sketch of proof: The problem of deciding Strong controllability of a STPU can
be represented by means of a classical STP such that the STPU is Strongly
controllable iff the STP is consistent in the classical sense. The idea is to
consider the relationships between tasks in the worst case, assuming that
a contingent duration d; € [l;,u;] is equal to w; in any constraint of the
form ¢ — y > d; and equal to [; in any constraint of the form z — y < d;.
Hence, since determining whether a STP is consistent or not is a polynomial
problem, so it is for deciding Strong controllability.

4.2 Checking the Weak controllability

Conjecture 4.1 (Complexity of the Weak controllability)
Checking the Weak controllability is Co-NP-complete.

Sketch of proof: The Co-problem of checking Weak controllability is: is there
a situation w € Q such that N, is an inconsistent STP ? Since checking
that a STP is inconsistent is a polynomial problem, this co-problem belongs
to NP. Hence, Weak controllability belongs to Co-NP. The difficulty of the
problem (Co-NP-complete) remains to be proven.



Property 4.2 if N{wl,...,li,...,wg} and N{wl,---,ui,~~~,wG} are consistent
STPs, then, for any v; € [li,u;], Niu,,.  v;,..we} 1 @ consistent STP.

Property 4.3 A STPU is Weakly controllable iff for any w®¢ €
{li,u1} x ... x{lg,uc}, N bna is a consistent STP.

If Weak controllabilty proves to be co-NP complete, one can now
imagine an enumerative algorithm which checks the consistency of
the projection N, sna for every w” € {l;,u;} x ... x {lg,ug}. It can
be processed recursively:

Consider N as a classical STP, and propagate the constraints by
3-consistency: if a Ctg g; = [li, us] is reduced, it means that at least
one projection N na is inconsistent and therefore the STPU is not
Weakly controllable. Otherwise, choose one g; and work recursively
on the two simplified STPUs obtained for g; = {li} and for g; = {u;}*.
The resulting complexity of this (probably non-optimal) algorithm
isin 0(2°).

4.3 Checking the Dynamic controllability

The problem of characterizing the complexity of the Dynamic control-
lability seems to be a non-trivial problem. We are mainly concerned
with merely proving that it is not polynomial. This can be made by
trying to prove that Dynamic checking is more complex than Weak
controllability checking, which is probably non-polynomial. This
proof is currently being carried out.

The next step will be to look for (a priori exponential) algorithms.
The first idea is to design an uncomplete but efficient one only evalu-
ating the feasibility of the whole “plan”, which could be incremental-
ly reevaluated during the execution, together with a complete (but
exponential) controllability checking algorithm only applied in the
short-range, in a reactive manner. The problem could hence be seen
as a “game against the nature”. The second idea is to take advan-
tage of the structure of the temporal graph to design graph-search
“simulation” algorithms that would fall back under the polynomial
class in specific areas (like for instance in [10]).

4.4 Equivalence classes: a quick overview

Assuming that Weak and Dynamic controllabilities are more than
polynomial, and that the conjecture NP # P is true, then it is al-
ways useful to track maximal restricted representations in which the
problem becomes again polynomial [13, 2, 6]. In our framework, it
amounts to find the maximal equivalence classes between Weak [resp.
Dynamic] and Strong controllabilities.

In [14], we have defined an algebra of the possible relations linking
two Ctgs (for instance in Figure 1, the during-like relation will be

“Notice that in a look-ahead approach one can propagate the constraints after
each instanciation.



written goRgg; and the before one will be g1 R4g2) that was useful
not only for building our Decision Graph, but also for proposing
a first equivalence class between Weak and Strong controllabilities,
restricting the possible set of relations R;. This first attempt suffered
from uncorrect approximations, that called for a deeper analysis not
yet fully achieved.

Our first extension concentrates on the Weak = Strong equiva-
lence classes, keeping our definition of a precedence constraint be-
tween time-points as being < (before or equals) [15]. We have proven
the following basic result, which allows to build maximal tractable
subclasses in this context (not presented here).

Definition 4.1 (Upper / Lower Ctgs)

A Ctg g; = [l;, u;] is said to be lower iff Vo solution of Ny, .
é is also a solution of N{wl,...,ui,...,wc}'

A Ctg g; = [l;,u;] is said to be upper iff Vo solution of Niy,,  u;,...,
é is also a solution of N{wl,...,l

liyeewa}s

wa}r

irWa )"

Property 4.4 (=-Equivalence class Strong = Weak)
If all the Ctgs g; are lower [resp. upper], then Strong controllability
1s equivalent to Weak controllability.

Another track of research consist in redefining the precedence
relation between time-points as being now < (strictly before) [15].
Not only this defines an algebra closer to Allen’s one [1], but it gives
back more expressive equivalence classes, both for the Weak and the
Dynamic controllability (only the latter being drawn here):

Property 4.5 (<-Equivalence class Strong = Dynamic)
If < defines the precedence relation between time-points,
Then 4 a mazimal equivalence class between Strong and Dynamic
controllability, obtained by imposing:

any Free between a received time-point e; and an activated time-
point b; can only be such that bj—e; =)0, +o0|.

5 Conclusion

This preliminary report presented extensions of the STP model to
take into account contingent durations (i.e. assignments provided by
the external world). Of special interest is the new consistency prop-
erty called Dynamic controllability, that suits well those application
domains in which the solution is built in a reactive way. If the mod-
el and the concepts are now clear, it remains to prove the assumed
hardness of the identified problems, and to propose algorithms to
deal with it. Efficiency being a key issue in dynamic applications,
a special interest is given in our present on-going work on the thor-
ough characterization of maximal tractable classes and the design of
efficient algorithms (uncomplete or possibly complete ones in specific
applications, like in [10]) for checking the Dynamic controllability.
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